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Abstract-A solution is obtained to the problem of transient heat conduction in the quarter plane 2,~ 2 0. 
initially at zero temperature, for the case of a suddenly-applied radiation condition on the boundary .Y = 0. 
the boundary y = 0 being maintained at zero temperature. The solution is obtained in closed form by a 
double transform technique as an integral ofthe known solution for one-dimensional heat transfer in the half 
space x > 0 subject to the radiation condition on x = 0. The temperature and heat flux on the boundaries 
have been found by quadrature. 

The results are used to estimate the evaporation rate at the perimeter of a bubble growing (without a 
microlayer) on a plane wall of infinite conductivity in a uniformly superheated liquid. It is shown that 
evaporation at the wall may make a significant contribution to bubble growth at low Jacob number for fluids 

with large contact angle, or after the evaporation of a microlayer to dryness. 

h, 
Ja, 
k, 
P? 

41, q2> 

NOMENCLATURE 

bubble radius; 
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non-dimensional bubble radius; 

surface heat-transfer coefficient ; 
= k,AT/dp,cc[, Jacob number ; 
thermal conductivity; 
pressure, Laplace transform variable ; 
local heat flux on x = 0, y = 0 

respectively ; 

QI, Q2. = 1 q1 dy, 1 q2 dx respectively ; 
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gas constant ; 
time ; 

h2 
= CI - t’, non-dimensional time; 

0 k 

= U + V, temperature ; 
superheat ; 
temperature, one dimensional solution; 
Laplace transform of U ; 
temperature ; 
Laplace transform of V ; 

Fourier sine transform of V ; 
Cartesian coordinates made 
non-dimensional with respect to k/h ; 
= t”2. 

Greek symbols 

a, thermal diffusivity ; 

1, latent heat ; 
c, Fourier transform variable; 

P9 density ; 
0, condensation coefficient. 

Subscripts 

1, liquid ; 
9, gas. 

1. INTRODUCTION 

THE PROBLEM of unsteady heat conduction in a quarter 

plane arises in the mathematical modelling of a 
number of physical situations. Analytical solutions are 

available from the known one-dimensional solutions 

when the boundary conditions are homogeneous [l] 
and have been given for the steady state in a region of 

specified length scale [l, 21, but a solution does not 
seem to have been published for an unsteady problem 
involving mixed boundary conditions. 

In the present paper we consider one such problem, 
that in which one semi-infinite boundary of the quarter 
plane is isothermal and the heat flux on the other 
satisfies a radiation boundary condition. The study 

was promoted by an analysis of the growth of a vapour 
bubble on a wall in uniformly superheated liquid, Fig. 
1. The heat flow to most of the curved surface of the 
bubble is given by one-dimensional transient con- 

duction, but over a narrow band of width O[(x,f’)“‘] 

l-v interface 

FIG. I. Model for bubble growth on a wall in liquid at 
uniform superheat. 
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round the base of the bubble the heat flow is modified 
by the presence of the nearly-isothermal wall. In 
Section 3 we estimate this perturbation of the radial 

heat flow with the aid of the solution to the plane. two 
dimensional problem treated in Section 2. This sol- 
ution has also been used in a discussion of transient 

thermocapillary How [3]; it is relevant to other 
problems concerning transport and motion in the 

vicinity of a liquid vapour- solid interface and to 
cngincering problems such as thermal stress analysis at 

a junction between dissimilar materials suddenly sub- 
jected to cooling. It is also relevant to a number of 

geophysical problems: e.g. Kusznir and Bott [4] have 

studied the heat flow from a geothermal source by 
numerical methods using a model with similar mixed 
boundary conditions but a more complicated geo- 

metry. 
In applications such as these, it is valuable to be able 

to compare the result of purely numerical com- 
putations with analytical solutions in a limiting case. 

and the present solution should be useful for this 
purpose. It would, for instance, be impossible numeri- 

cally to elucidate the singularity at the corner, which 
must be correctly allowed for ifa dilference scheme is to 

be successful. 

2. TRANSIENT CONDUCTION ANALYSIS 

The problem we treat is that of two dimensional 

conduction in a quarter infinite solid, r,y > 0, initially 
at uniform temperature T = 0, which is suddenly 
brought into contact along its edge I = 0 with a 

medium at different temperature T = I. the heat- 

transfer coefficient on the boundary being 11, while the 
temperature on the other edge j‘ = 0 is maintained 
throughout at the initial temperature. 

If k//l is taken as the unit of length, and (k/h)‘jx as 

the unit of time. the heat equation (with suffixes for 

partial derivatives) is 

7; = 7;, + 7; ~. 

The initial condition to be treated is 

(1) 

r=o; 7-O Y,J‘ > 0 

and the boundary conditions are 

\-=o: 7‘--r,=l. t>0 

,‘ = 0: T = 0, t > 0.. 

(2) 

(3) 

(4) 

The solution to this problem has been obtained by 
means of a Laplace transformation with respect to 
time followed by a Fourier sine transformation with 
respect to 1, details of which are given in the Appendix. 
The final double transform for T(x, y, t) can be 
explicitly inverted, and here we simply quote the result. 
It is expressible in terms of the known solution U(X, t) 
of the one-dimensional heat equation in the half space 
.Y > 0, subject to the initialcondition (2) and boundary 
condition (3). i.e. satisfying the equations 

C’, = I,.r\ ; 
C’(s.0) = 0 (x > 0) 
l.:(O.f)-lL;,(O,t)= I (f > 0) 

(5) 

When U (x, t) satisfies (5), then 

satisfies (l)-(4). This can be verified by direct sub 
stitution, after some partial differentiation and in- 

tegration by parts, without use of the precise form 01 
U ; and it follows from the analysis using transforms 
that the solution is unique. Carslaw and .laegei 

([ 13, p. 70) give 

b(\- t) = erfc -2 . 
t 1 2(t)‘,2 

_e”+’ erfc 2if+ +t I;) 
i ! 

!2 

The time derivative of this expression is 

U,(z, t) = (XL)- ‘.‘exp -i: 
r ) 

We are particularly interested in the temperature on 
the boundary x = 0 and in the heat llux -q?(x, t) say 

on the boundary y = 0. For computational purposes 
these are most easily calculated from their time- 
derivatives. These are found from (6) and (8): 

= [(nt)) Ii2 -e’ erfc tr”] 

$q2 PT 
(ii) - = __ 

c?t ( J dydt )‘=o 

= (ml- ’ ‘U,(r, t). i IO! 

When t = 0, q2 = 0 for all x 2 0. The heat transfer on 

the boundary is found by integrating (10) with respect 

to t for each x. The resulting integral is however 
singular at x = 0, where it behaves like -2/n In s. 

When presenting the computed values on the boun- 
dary x = 0 it is convenient to consider V, the deviation 
from the one-dimensional solution II, rather than T. 

We write 
T(x.y,t) = U(x,r)+ l’(.\.J’,f). IllI 

Then 

av C-i at 
= -[(7rt)) i!‘-e’ erfc(tif2)] erfc ‘$& 

.X=0 (, 1 ‘_ / 
II?! 

Equation (12) was integrated numerically using a 
Runge-Kutta sub-routine. The independent variable 
was taken as z = L’/~ rather than t itself. The range ol 
values covered was 0 < z < 10 in steps of AZ = 0.1. 

V(O,y, t) is plotted as a function oft and y/2(t)’ ’ in 
Fig. 2. This also represents the additional heat flux yi 
say on x = 0 due to the presence of the isothermal 
boundary y = 0, since 

q,(y,t) = (7;--fJJ,,” = (U.,=,, 

by (2), (5), (11). The local additional heat flux is 
,? 1 
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FIG. 2. Temperature and heat flux distribution on x = 0, 
normalised with respect to value at y = 0. 

Its time derivative is given by (12) as 

--~~{l-(~t)1~2e’erfct1~2). dQ1 
dr R 

(13) 

For large t, this possesses the asymptotic expansion 

aQ1 -_; 
at ( I-;+$-... 1 (14) 

For t > 20, Q1 is within 1% of the asymptotic value 
(l/s) In t, Fig. 3, and the heat flow from t = 0 is 

s 
* Q dt - (t/7c)(ln t- 1). 

0 

0 20 40 60 60 100 
t 

FIG. 3. Heat flow Q1 across x = 0, Q2 across y = 0. 

On y = 0 the temperature is zero and the local heat 
flux obtained by integrating equation (10) is given in 
Fig. 4. The total heat flux Q2 = izq2 dx is given by 

aQ* e’ erfc(t1’2) 
dt = (,t)“Z (15) 

which 

> 
forlarger. (16) 

FIG. 4. Heat flux distribution on y = 0. 

1 

It is expected that Qz > Q1, since the distortion of the 
isotherms near the origin reduces the internal energy of 
the medium, compared to the one-dimensional case. 
For t > 70, Q2 = Q1 +0.633. 

3. BUBBLE GROWTH 

A vapour bubble nucleated at a wall initially grows 
as a hemisphere. It obtains the heat required for 
evaporation (i) by conduction from the superheated 
liquid through a diffusion layer with thickness of order 
(a&)“’ and (ii) by conduction from the wall through 
the thin microlayer, formed at the base of the bubble by 
the action of viscosity at the wall. The microlayer dries 
out-by evaporation at its centre and, for fluid-solid 
combinations with large contact-angle (e.g. water on 
many metals), may be rolled back towards the bubble 
perimeter by surface tension. While microlayers un- 
doubtedly contribute to bubble growth under certain 
conditions, there are some discrepancies between 
experiment and theory which are discussed elsewhere 
(MikiC and Kenning, to be published). Here we seek to 
estimate the consequences for bubble growth of the 
total absence of a microlayer: its contribution to 
evaporation is lost, but instead there is intense evap- 
oration at the triple liquid-vapour-solid interface, 
hitherto ignored in bubble growth calculations. This 
evaporation will be estimated from the preceding 
analysis by using the device of an effective heat-transfer 
coefficient to allow for the non-equilibrium which 
must occur between the liquid surface and the vapour 
at high rates of evaporation, estimated from kinetic 
theory to be [6], 

__ 1 
2a 

h = (2-a) (27rRT)“’ [($)-&I. (17) 

Since we wish only to establish whether evaporation 
at the triple interface can make a significant contri- 
bution to bubble growth, we consider the idealised 
situation of hemispherical bubble growth in a uni- 
formly superheated liquid with constant wall tem- 
perature. Conventionally the period of “asymptotic 
growth” is considered, when surface tension and liquid 
inertia may be neglected and the liquid-vapour in- 
terface far from the wall is close to the saturation 
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temperature. From the one-dimensional solution 
L.(r. t), this corresponds to I > 10’ : typically bubble 
lifetimes lie in the range t = 10” - IO’. Neglecting foi 
the moment any influence of the wall, the heat 11~1 

from the bulk liquid to the hemispherical surface of the 
bubble is then given approximately by 

I\,AT 
Y= ,&,,)I ? 

More rigorous analysis in Lagrangian coordinates [7] 
leads to a correction factor of 3l ’ to allow for the 
thinning of the diffusion layer by radial motion. The 

bubble growth equation is then 

du 
27w’ A/l,, dt, = - 3ni,z 0)’ ‘UT 

I7qf’)’ 2 
(1s) 

or 

whence 

The Jacob number Ju can thus be interpreted as a 
measure of the ratio of the bubble radius a to the 

diffusion layer thickness (at’)“’ and a necessary con- 
dition for the applicability of equations (19)-(21) is 
that Ja $ 1. We now make allowance for the influence 

of the wall, which affects the interface over a distance of 
order (cx’lt’)1’2. If Ja >> I. heat transfer over most of the 
hemispherical surface is unaltered and the additional 
heat flow at the triple interface can be simply added to 

the RHS of equation (19). We assume that the triple 

interface contribution is conservatively given by the 
asymptotic value for QI, derived in Section 2. without 
correction for radial motion or convection in the 

immediate vicinity of the contact line: 

Q1 zz ‘Lr. I > 20. (22) 

Equation (37) then becomes 

2za2ip 
da _ = 2xu2 (3)“k,A7 

’ dt’ (TIX,f’)’ i 

or in non-dimensional variables 

z> IO C’S) 

where 

L2 1 a/z _ L2 -- z-t ’ Ju k,’ 
(25) 

Equation (24) was integrated numerically with the 
arbitrary choice of initial condition a* = t’ ’ at I 
= 102, Fig. 5. It is seen that triple-interface evap- 
oration makes a significant contribution to growth 
only for Ja < 15. By contrast. microlayer evaporation 
would increase u* by a factor of approximately 2, the 

surface on!y 

actual value depending on .In. ~1~. ,js and the mlcrolayet 
thickness 181. In boiling, bubbles grow in a tempcra- 

ture gradient so that the contribution of the hemi- 
spherical surface to evaporation is reduced or goes 

negative. increasing the importance of wall cvap- 
oration. With increasing system pressure, Jacob num- 
bers decrease and the potential evaporation at the 

triple interface may become comparable with that 
from a microlayer. 

Because of the simplifying assumptions m the 

analysis, its application to boiling must be treated with 
caution. Convection in the immediate Licinity of a 

moving triple interface is not yet understood. A more 
important source of error may be the assumption that 
the wall is isothermal: the highly locahsed evaporation 
at the triple interface must cause temperature gra- 
dients in a wall of finite thermal diffusivity which will 

reduce the evaporation rate. Nevertheless. the analysis 
sounds a note of warning on the interpretation of 

experiments on bubble growth. Despite comments bq 
Cooper and co-workers. e.g. [<I” lo] on the possibilit) 
of microlayer roll-up, there i\ often an uncritical 
assumption that microlayer cLaporation makes a 
significant contribution to growth. Since microlayer> 
cannot be observed directly on metal surfaces. theit 
presence is inferred from wall temperature measurc- 
ments with microscopic thermometers and, or the 
observed bubble growth rate. The passage of the triple 
interface over a thermometer cnuid equally well cause 
a variation in temperature (which would ha\c to bc 
interpreted by two-dimensionill. rather than one- 
dimensional, conduction analysis) and it\ possihlr 
effect on bubble growth rate has already been noted 

Acknowledgement-Dr. J. R. Turner performed the numeri- 
cal calculations for Section 2 of the paper. 
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APPENDIX 
T(x,y,t) = U-‘(p+D) = W-L.F--‘(W*/~p) (A9) 

Solution by double transform 
After writing T(x,y,t) = U(x,t)+ V(x,y,t) (equation ll), 

The order of the inderse operations can be reversed. The 

we form the Laplace transform 
fun&m W* possesses a known inverse: from {[5], p. 246 
(12)} we find 

yj/‘v = 
s 

a, empf I/(x,y,t)dt E Y(x,y,p). (Al) 
yi”‘W* = emGi’(i,(x,t) (Al’3 

0 

This satisfies where U, is the expression quoted in (10). Y- ‘(W*/p) is the 

y’,,+ q, = pY (A2) 
.integral of this expression with respect to time. 

Also 

with boundary conditions 

x=0: v-vX=o (A3) 
112 

y=o: fi= _u= _ e-“(p) (A4) 
Y 

= erf--- 
p[l+ (PY21 2@)“2 

(All) 

(A2) can be converted into an ordinary differential equation by {[S], p. 73 (21)). 
for the Fourier sine transform The full solution to our problem is therefore 

.FV= (sin5y)p(x,y,p)dy = V*(x,Lp). (A5) T(x,y,t) = JI[erf&]C.,(x,T)dr. (A12) 

CONDUCTION THERMIQUE INSTATIONNAIRE DANS UN QUADRANT AVEC 
APPLICATION A DES MODELE DE CROISSANCE DE BULLE 

Rt%um&On donne une solution du probleme de la conduction thermique variable dans le quadrant 
x , y > 0, initialement si tempirature nulle, avec une condition de rayonnement sur la frontiire x = 0, la 
front&e &ant maintenue $ tempirature nulle. La solution est obtenue analytiquement, par une technique 
de double transformation, comme une integrale de la solution connue pour le transfert monodimensionnel 
dans le demi-espace x > 0 soumis ii une condition de rayonnement sur x = 0. La temptrature et le flux 
thermique sur les frontidres ont BtB trouvts par quadrature. Les r&hats sont utilists pour estimer 
l’ivaporation sur le pCrimdtre d’une bulle en croissance (sans microcouche) sur une paroi plane de 
conductivite infinie dans un liquide uniformiment surchauff& On montre que I’kaporation ii la paroi peut 
apporter une contribution sensible ii la croissance de la bulle pour un faible nombre de Jakob avec un 

grand angle de contact, ou apres 1’Bvaporation d’une microcouche ii l’as&chement. 

INSTATIONARE WbiRMELEITUNG IN EINEM FLACHENQUADRANTEN 
MIT ANWENDUNG AUF BLASENWACHSTUMSMODELLE 

Zusammenfassung-Es wurde eine LGsung fiir das Problem instationgre WLmeleitung im FlCchenquadranten 
x,y > 0 fiir den Fall eines pliitzlich auftretenden Strahlungszustandes am Rand x = 0 erhalten, wobei die 
Temperatur an der Begrenzung y = 0 auf Null gehalten wurde. Die Lijsung wurde in geschlossener Form 
durch eine Doppeltransformation als ein Integral der bekannten Liisung fiir den eindimensionalen Wlrme- 
iibergang in der Flgchenhilfte x > 0 erhalten, abhIngig von den Strahlungsbedingungen bei x = 0. Die 
Temperatur und der Wgrmestrom an den RIndern wurden durch Quadratur gefunden. Die Ergebnisse werden 
angewandt, urn die Verdampfungsrate am Umfang einer wachsenden Blase (ohne Mikroschicht) an einer 
flachen Wand mit unendlicher Wtieleitung in einer gleichmlljig iiberhitzten Fliissigkeit abzuschltzen. Es 
wird besthtigt, da13 die Verdampfung an der Wand einen bedeutsamen Anteil am Blasenwachstum bei 
niedrigen Jacobs-Zahlen fiir Fluide mit grol3en Randwinkeln oder nach dem Verdampfen einer Mikroschicht 

bis zum Austrocknen hat. 
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3AnAYA HECTAUMOHAPHOti TEIlJIOIlPOBO~HOCTM AJlX KBAAPATHOti 
LlJIACTMHbl nPMMEHMTEJlbH0 K MOAEJIRM POCTA l-IY3bIPbKOB 

AHHorauuR ~~ 17o.iyreno pewcHwe 3anaw Hec-rauMoHapHoR nepenawi Tenna TennonpoBo~tiocTbM 

B KoanpaTHoii nnaC7MHe. .X. 1' 0,~ naranbHoR Hynesoii TeMnepaTypoii nnn cnyvan,Kornarpawiua 

.Y 0 BHe3anno MCnblTbf83el leRcrnue M3.1yqeHMI1, a rpawiua y 0 nonnepmusaewfl npu HyneeoR 

TCMllCpaTypC. PCllleHMC rlOJlyYeH0 B '3ahlKHyTOM UML,e MeTOAOM L,BOirHOrO npeO6pa30BaHW-i KaK 

MHrcrpan M3BeCTHoro peurwen n2n OIIHOVC~HO~O nepeHoca Tenna B nonynpocTpaHcrBe x> 0 npu 
HO3,TetiCTBMM M-Lly',CHMS Ha rpaHI4"C.Y O.Tennepa~ypau~ennO~OiinoToKHarpaH~uaxnonyYeHbr 

13 Ksaaparypax. Pe3ynbrarhl MCnonb?oBa.nwcb nnfl pacveTa CKO~OCTH wcnapewrr no nepuh4eTpy 

ny3blpbKLL pXTylIlCMy (6e3 MkiKpOCJlOR) Ha nJlOCKOti CTCHKe 6WKOHfSiHOfi IlpOBORHMOCTti B OLIHO- 

POAHO IleperpeTOi? xKMLIKOCTM. nOKa3aHO. YTO WZllapCHHe Ha CTCHKe MOIUCT OKa3blBaTb 3HaYFiTWlbHOe 

B,lMRHHCHa pOCT ny3blpbKORnpFfHM3KOM 'lWCJlCtlKo6a BXWinKOCTRXC 6onbmwymOM CMIYFiBBH1IR 

wit4 nocne nonHor0 McnapewiR ~HKpocnosi. 


